IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Smoothed Wigner function of a quantum damped oscillator

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1995 J. Phys. A: Math. Gen. 28 5287
(http://iopscience.iop.org/0305-4470/28/18/017)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.68
The article was downloaded on 02/06/2010 at 00:30

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/28/18
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 28 (1995) 5287-5289. Printed in the UK

Smocthed Wigner function of a quantum damped oscillator

E A Akhundovaf and M A Mukhtarovi

1 Institute of Physics, Academy of Sciences. pr. H Gavid 33, Baku 370143, Republic of
Azerbaijan

i Joint Institute for Nuclear Research, Laboratery of Theoretical Physics, Moscow Region,
Dubna 141980, Russia

Received 21 February 1995

Abstract. - The non-stationary quadratic quantum system which can be considered as a quantum
model of a damped cscillator is investigated in the framework of the Wigner representation. The
explicit expressions of the ordinary and smoothed Wigner functions for this system are obtained.

In the last few years the Wigner—Weyl representation [1,2] has played a very important
role in the investigation of modern quantum mechanical problems [3-10]. For instance,
with the use of the Wigner function a quantum correction to the classical results can
be obtained [3]. This representation has served as a very convenient tool for studying
quantum mechanical systems with quadratic Hamiltonians with respect to the coordinate
and momentum operators [11-15]. The Wigner function allows one to find an average value
of an arbitrary physical quantity, but it cannot be interpreted as a probability because it can
take negative values. By smoothing the Wigner function with different weight functions,
one can ensure its positive definiteness, and the resulting function is known as the smoothed
Wigner function [17-19], The smoothed Wigner function leads to errors in calcnlations of
average values compared with exact quantum mechanical results, but in the classical limit
it begins to play an essential role.

In this work, using the results [14-16], we consider in the framework of the Wigner
representation a quantum system with the Hermitian non-stationary Hamiltonian

H() =159 + wf (1) T8 — £ (1) ¥ P (0
- with the corresponding equation of motion :
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As can be seen from (1) and (2), the quantum system with this type of Hamiltonian can
be considered as a quantum analogue of the classical damped forced harmonic oscillator
with the time-dependent parameters. This equation was considered earlier in many papers.
For more details on the choice of Hamiltonian and the problem of initial conditions for it,
see [16] and references therein, A

Let us find the integrals of motion of the system, i.e. the operators 7 (f) satisfying the
equation

[i(ajat)mff,f:l=0 =1
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For one-dimensional quadratic Hamiltonian systems all the integrals of motion can be
constructed from two independent linear ones. For the present system one has two mutually

Hermitian conjugate linear integrals of motion satisfying
[A @), A* (:)] =1
The operator A (t) has the form
A = —‘ﬁ (€ (t) p— & (£) T 3) +
() =—ife(m e f ) dr
where € (¢) is a complex function satisfying the equation
E+2ré+ i (Ne=0
and the additional relation
e (e + &%) =20
Let us consider an operator of the following form:
Ry =AA* +1.

e
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Using equations (3)—{(35} it is easy to check that this operator is also an integral of motion,
and it has the meaning of a quasi-particle number operator. The eigenfunctions of this

operator satisfy the Schrdinger equation of the system
B = (n+ 1) Y-

The eigenfunctions ¥, have the form

W (x,2) = (D)3 ( ) (we? )_:‘LCXpl:ze 202 _

i - x + Re (€*3)
—2f1m(aa ) dr]H,,( e )
where the H, (x) are Hermite polynomials.

The corresponding Wigner function is as follows:
We (P, q) =2(=1)" e ZOL, (42 ()

xé
€

2 () = 3[lel?p? + 1€1%e* x* — 26" Re (é¢*) xp + Im (*8) p

+ie?" Re (ée*)]

whetre the L, (x) are Laguerre polynomials.

— e Im (¢*8) x + [8]

To determine the smoothed Wigner function it is necessary to consider the ‘probability’

Uapag of the phase-point hit in the finite domain 4 pAg of the phase plane:

UApAq=ff Wip+p,q+q) dp da.

Aphy

Instead of the exact boundary domain one considers the ‘spread’ boundary domain by

introducing the following quantity:

2

g1
U = w ’ dp; dags .
sphg = fch( 2(Ap)2 Z(Aq)z) (p+p1.qg +q1)dpy dgy
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This method of obtaining of the smoothed Wigner function is given in more detail in [18, 19].
Finally, for the smoothed Wigner function we obtain (assuming that ApAg = 1)

oy 1 1 -1
Wi (9.9) = — (Unpag), = (2t 2qle])

Re(ed®) | ., f . g 2 et i|
—_ — 2= Im (86%) dz — Re(L*S
xexp[ 2P e —i (36%) dz 4(Ag)2+ e )
)
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where
2 o
=1 z—é—ip §= 1 z_feﬂ‘(f).
2(ag)” € 2(ag)y €
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